Abstract. We study some asymptotic properties of the sequences of symplectic Lefschetz pencils constructed by Donaldson. In particular we prove that the vanishing spheres of these pencils are, for large degree, conjugated under the action of the symplectomorphism group of the fiber. This implies the non-existence of homologically trivial vanishing spheres in these pencils. Moreover we show some basic topological properties of the space of asymptotically holomorphic transverse sections.
Introduction
The task of this article is two-fold. First we analyze the behavior of the vanishing spheres of the symplectic pencils introduced by Donaldson in [9] . The properties that we will show reveal that the generic behavior of these pencils is similar to the Lefschetz pencils for projective algebraic varieties. Second, using the pencils as a tool, we study the topology of the symplectic analogue of the dual variety in algebraic geometry.
We start recalling the definition of various objects. Given a symplectic manifold (M, ø) we say that a chart (ψ, U ), ψ : U ⊂ M → R 2n is adapted at a point p ∈ M if ψ(p) = 0 and ψ * ø 0 (0) = ø(p) where ø 0 is the standard symplectic structure in R 2n ∼ = C n .
Definition 1.1. A symplectic Lefschetz pencil associated to a symplectic manifold (M, ø) consists of the following data:
(i) A codimension 4 symplectic submanifold N .
(ii) A surjective map φ : M − N → CP 1 . (iii) A finite set of points ∆ ⊂ M − N away from which the map φ is a submersion. Moreover the data satisfy the following local models (i) For any point p ∈ N , there exists an adapted chart (z 1 , . . . , z n ) for which the submanifold N has local equation {z 1 = z 2 = 0} and such that φ(z 1 , . . . , z n ) = z 2 /z 1 . (ii) For any point p ∈ ∆, there exists an adapted chart (z 1 , . . . , z n ) in which we can write φ(z 1 , . . . , z n ) = z 2 1 + · · · + z 2 n + c. The main result of [9] is Theorem 1.2 (Theorem 2 in [9] ). Given a symplectic manifold (M, ø) such that the cohomology class [ø]/2π has an integer lift to H 2 (M, Z), there exists a symplectic Lefschetz pencil whose fibers are homologous to the Poincaré dual of k[ø]/2π, for k large enough.
Donaldson fixes an almost complex structure J in the symplectic manifold and then defines an hermitian line bundle L → M whose curvature is R L = −iø. The pencils constructed by Donaldson appear as quotients of two suitable sections s 1 k and s 2 k of the bundles L ⊗k for k large enough, which are ε-transverse ([9] Definition 5) and approximately holomorphic. We will call the sequence of pencils appearing in this way Donaldson's ε-transverse Lefschetz pencils (see Section 2 for precise definitions).
After blowing-up the symplectic submanifold N , any pencil becomes a fibrationM → CP 1 , due to the local model (i) in Definition 1.1. We can define a canonical symplectic connection in this fibration. Just for any point p ∈M − ∆ pick the symplectic orthogonal S p to the space ker dφ(p). This gives rise to a notion of parallel transport. With this notion one can lift a path in CP 1 to a path inM once we fix a starting point, as long as the lifted path does not touch ∆. Moreover if we look at the distribution S in a neighborhood of a critical point p ∈ ∆, it is easy to see that there exist Lagrangian disks which are integrable for the distribution and whose centers are the critical point. Now, given a path γ : [0, 1] → CP 1 starting at a critical value z 0 , the path doesn't lift in a unique way and the natural lift is given by one of this Lagrangian disks (for more details see [18] ). Anyway, it is easy to check that the intersection of the disk with a regular fiber is a Lagrangian sphere in the fiber. Now we fix a regular value z ∈ CP 1 and let F be the fiber over z. Note that the fibers over all regular values can be identified, and that this identification is well-defined up to conjugation by a diffeomorphism. We fix paths γ 1 , . . . , γ s joining z with each of the critical points of the pencil. This produces Lagrangian disks D 1 , . . . , D s whose intersection with the fiber φ −1 (z) is a set of Lagrangian spheres in the fiber. These spheres are called the Lagrangian vanishing spheres, i.e., they contract to a point when the fiber becomes singular.
We recall the following classical result in the case of projective algebraic varieties, i.e., when M admits an integrable compatible complex structure (see SGA 7 XVII, XVIII): In the case of dimension 4, I. Smith [21] has already proved that the vanishing spheres appearing in the Donaldson's ε-transverse Lefschetz pencils are homologically non-trivial for k even. On the other hand, for general symplectic Lefschetz pencils in 4-manifolds [7] gives a lower bound for the number of homologically non-trivial vanishing spheres.
The proof of theorem 1.3 uses the notion of dual variety, which is the subset of the dual projective space defined by hyperplanes tangent to the embedded projective variety. It is not too hard to give a definition of this variety in the symplectic case, by combining ideas of [17] and [9] . It turns out that this dual "symplectic" variety appears as an "asymptotically holomorphic" divisor. The divisor is not smooth and, in particular, has self-intersections. It is well known that it is difficult to control the behavior of these self-intersections for this kind of divisors (for an example without known solution see [5] ). Therefore we have chosen another way to prove theorem 1.4.
However it makes sense to speak in a "rough sense" of the complementary of the dual variety, i.e., the space of transverse hyperplanes. We will give some topological properties of this space. They are not necessary for the proofs but help to understand the topological picture to have in mind. Moreover, realizing that the dual variety is an object independent of most of the choices, we will find that some of its invariants are indeed invariants of the initial symplectic manifold. 
is cyclic finite and independent of the choice of almost complex structure and of ε > 0, for k large enough and ε small. Therefore, this image group is a symplectic invariant.
The organization of this paper is as follows. In Section 2 we give the definitions and results introduced in [8, 9] needed to carry out the proofs. In Section 3 we briefly sketch the classical proof of theorem 1.3. This will allow us to adapt the proof to the symplectic category in Section 4. The proofs of corollary 1.5 and theorem 1.6 will be given in Section 5. Finally a discussion of the topology of the set of "transverse" sections is carried out in Section 6.
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Donaldson's asymptotically holomorphic theory
Let (M, ø) be a symplectic manifold of integer class, i.e., satisfying that [ø]/2π admits an integer lift to H 2 (M ; Z). We define L to be a hermitian bundle with connection whose curvature is R L = −iø. Moreover fixing a compatible almost complex structure J, this defines a Riemannian metric g(u, v) = ø(u, Jv) on M . We also consider the sequences of metrics g k = kg, k ≥ 1. The following definitions are needed. 
Definition 2.2. A sequence of sections s k of the hermitian bundles E k is ε-transverse to zero at the point x ∈ M if at least one the two following conditions is fulfilled
x is surjective and it admits a right inverse of norm bounded by ε −1 , using the norm g k in M .
The sequence is said to be transverse to zero in a set U if it is transverse to zero at every point of the set.
We need to introduce notations to control 1-parametric families of sections. In particular (J t ) t∈[0,1] will denote a 1-parametric family of almost complex structures compatible with ø. We can associate to this family a sequence of families of metrics g k,t . A family of sequences of sections s k,t has C 3 -bounds c if s k,t has C 3 -bounds c with respect to the almost complex structure J t and the metric g k,t for each t ∈ [0, 1]. (Note that such a family is a continuous path in the space of sections of L ⊗k with the C 3 -topology.) The same remark must be applied for families of ε-transverse sequences.
There exist local objects that are close to being holomorphic, as given by the following two lemmas
t of the coordinate map is nearly pseudo-holomorphic with respect to the almost complex structure J t on M and the canonical complex structure on C n . Namely, the map Ψ t satisfies |∇ r Ψ t | = O(1) for r = 1, 2, 3 and
We also have 
Moreover, given a 1-parametric family of sequences of sections 
are well defined and there exists a perturbation producing a mapφ k which defines a symplectic Lefschetz pencil, for k large enough. The C 1 -distance (in g k -norm) betweenφ k and φ k can be chosen to be less than any ρ > 0.
The same result holds for continuous families of sequences of sections
], satisfying the conditions of proposition 2.5. Moreover, the result also holds for continuous families of sequences of sections parametrized by
For proofs of these results we refer the reader to [9] . The 1-parametric version with parameter space S 1 follows easily from the version with parameter space [0, 1]. A Donaldson ε-transverse Lefschetz pencil is a Lefschetz pencil that comes from the procedure of proposition 2.6. The 1-parametric part of proposition 2.6 shows that the symplectic Lefschetz pencils obtained by this procedure are all of them isotopic for any given k large enough. The following remark is key for all the subsequent discussion.
Remark 2.7. The integer k for which proposition 2.5 begins to apply depends only on c, δ, J t and some fixed geometrical data of the manifold M . To check this we need just to follow carefully Donaldson's proof (for examples of similar remarks see [3, 17] ). Moreover the k in which the proposition 2.6 begins to apply depends only on J t , ρ and the variables making proposition 2.5 work.
Vanishing spheres for projective Lefschetz pencils
We will give now the proof of theorem 1.3. Although we do not follow the same pattern for proving theorem 1.4, it has inspired the adaptation to the symplectic category.
Let X ֒→ CP N be an embedded projective manifold, and L → X the hyperplane line bundle induced by the embedding. We define the dual variety as the subset of the dual projective space (CP N ) * defined by
or alternatively as the projectivization of the variety of sections of L with a singular zero set. This is a projective variety and it has the following long-known property, for whose proof we refer to SGA 7 XVII and [13] : A (real) 1-dimensional family of lines in the dual variety is a family of pencils. Suppose that we have a 1-dimensional family of lines L t starting and ending at the same one. Select a critical point p 0 for the first line. The family of lines generates a curve p t of critical points that may end at another critical point p 1 . Now we perturb each point p t ∈ L t to move it away from the dual variety following a path in L t that we denote by p t,s (p t,0 = p t ), so we obtain a new curve p t,1 of points away from the dual variety which may satisfy the additional restriction p 0,1 = p 1,1 . Now each p t,1 defines a smooth hyperplane section in X. Using the path p t,s (for t fixed) we define a Lagrangian vanishing sphere S t . Obviously the family p t,1 identifies the Lagrangian spheres S 0 and S 1 . This identification can be done by an orientation-preserving diffeomorphism of the hyperplane p 0,1 = p 1,1 .
So the proof is now reduced to find for a fixed line L in the dual projective space and for any two points p, q in L ∩ X * , a circle of lines L t containing L such that the set of curves of L t ∩ X * connects p and q. Now, as the dual variety X * is irreducible, its smooth locus is path connected. So the points p and q are connected through a family of points p t in X * . It is easy to define a family of lines in L t in (CP N ) * such that p t ∈ L t and L 0 = L 1 . This completes the proof.
Vanishing spheres for symplectic Lefschetz pencils
In the symplectic case, instead of considering families of pencils interpreted as lines in the dual projective space, we consider the families in abstract. The result we want to prove is Proof. Choose a sequence of sections s k = s 1 k ⊕ s 2 k satisfying the conditions of proposition 2.5, and let φ k = s 2 k /s 1 k be the associated maps to CP 1 . Extend the sequence to a family of sections s 1 k,t ⊕ s 2 k,t in the following way. First define s 1 k,t = s 1 k . Choose β > 0 small. We set
Obviously s 2 k,t has C 3 -bounds c. For each k select critical points p 0 and p 1 of the application ∂φ k . From [9] we know that these points will become the critical points of the pencil after the perturbation performed in proposition 2.6. Now choose a path p t in M joining p 0 and p 1 . We can choose this path to avoid a c ′ -neighborhood of Z(s 1 k ) for some uniform c ′ , since by [9] the ε-transversality implies that p 0 and p 1 are away from a c ′ -neighborhood of Z(s 1 k ), for large k. Also we may suppose that p t is stationary in [0, β] and [1 − β, 1].
Choose a family of sections s ref k,pt of L ⊗k satisfying the properties of lemma 2.4 for the path p t . We use these sections to trivialize L ⊗k in a neighborhood U t of fixed g k -radius O(1) of p t . So we obtain
which has C 3 -bounds c 0 c (with the obvious adapted definition) where c 0 > 0 is a constant depending only on the geometry of the manifold (not depending on k, the initial sections, etc). By lemma 2.3, we may trivialize the neighborhood U t by a chart Φ t :
has C 3 -bounds c 2 c in the unit ball of C n . Moreover ∂f k,j is ε/c 2 -transverse to zero for j = 0, 1. Again the constant c 2 > 0 depends only on the geometry of the manifold M . Finally, we defineĥ k,j , j = 0, 1, as the quadratic form associated to ∂∂f k,j (0). We are identifying the tangent space to C n and C n for the purpose of this definition. Moreover, it is possible to construct a path of non-degenerate quadratic formsĥ k,t starting and ending in the two previous forms. Also the eigenvalues of the quadratic forms of the path can be bounded below and above by the eigenvalues of the two initial quadratic forms. Again ∂ĥ k,t is ε/c 3 -transverse to zero andĥ k,t have C 3 -bounds c 3 c on B C n (0, 1), where c 3 > 0 only depends on the geometry of the manifold. On the other hand, note thatĥ k,t is naturally defined all over C n . Now we construct
The goal now is to go back to the manifold. First, note that by lemma 2.3 the chart Φ t may be extended as
is a well-defined section of L ⊗k . It is easy to check that u k,t has C 3 -bounds c 4 c, where c 4 depends only on the geometry of the manifold, using that |∂Φ t (z)| = O(k −1/2 |z|) and that s ref k,pt has Gaussian decay. Now in a small neighborhood of p t the map
is well-defined and ∂φ k,t has a zero in p t and is ε/c 4 -transverse to zero in that small neighborhood. This is clear in the second interval. In the first and third intervals it is easy to check
is well defined outside Z(û k,t ). It is clear that there is a path of zeroes of ∂φ k,t which is C 0 -close to p t . Moreover, choosing α > 0 small, we define the familys
This defines a family of sections that are min(ε ′ , ε)-transverse to zero in the sense that they satisfy the various properties of proposition 2.5. Therefore the points p 0 and p 1 are joined by a path of zeroes of ∂φ k,t , whereφ k,t is the map associated tos k,t . After applying proposition 2.6, this path becomes a path of critical points of the family of Lefschetz pencils. By the same arguments that in the algebraic case the vanishing spheres associated to the two critical points are conjugated through the action of an orientation-preserving diffeomorphism.
The last point is to recall that the C 3 -bounds and the estimated transversality constants obtained along the way are independent of the chosen points p 0 and p 1 . This implies that the constructions begin to work for a given k for all possible pairs of points. This concludes the proof.
Implications of the main result
In this section we will prove corollary 1.5 and theorem 1.6.
5.1.
Restriction to the symplectomorphism group. What proposition 4.1 shows is that there is a family of symplectic submanifolds W t such that each one is a fiber of a Lefschetz pencil and has a Lagrangian vanishing sphere S t appearing also in a continuous family. It is obvious that it is possible to construct a family of diffeomorphisms generating the family and preserving the spheres. We want to refine the result making our objects preserve the symplectic structure. This is achieved by adapting Auroux' ideas in [3] (see Section 4.2) to prove a stronger statement in two steps: 
Proof. By Weinstein's Lagrangian neighbourhood theorem there exist tubular neighbourhoods V t of the Lagrangian submanifolds S t and symplectomorphisms ψ t : V 0 → V t extending the diffeomorphisms S 0 → S t . We may extend these mappings by a family of diffeomorphisms ρ t : W → W .
Let ø t = ρ * t ø, and Ø t = − døt dt . Note that Ø t | V 0 = 0. As the diffeomorphisms ρ t may be obtained by integration of vector fields and ρ t (S 0 ) = S t , we have [Ø t ] = 0 ∈ H 2 (W, V 0 ; R). Therefore we may choose a family of primitives α t such that dα t = Ø t , α t | V 0 = 0. Let η t be the vector field on W defined by i ηt (ø t ) = α t , and Ψ t its flow. We have
Thus the diffeomorphisms ϕ t = ρ t •Ψ t are simplectomorphisms, and as the Ψ t are the identity in a neighbourhood of S 0 , it turns out that ϕ t (S 0 ) = S t . 
Again by Weinstein's neighbourhood theorem, these symplectomorphisms extend to the tubular neighbourhood U 0 . We also denote ϕ t their extension.
Extend the symplectomorphisms φ t • ϕ t : U 0 → U t by a family of diffeomorphisms ρ t : M → M . The proof concludes exactly as that of lemma 5.1, as the classes of the forms
Proof of corollary 1.5. Pick the 1-parameter family of regular fibers of proposition 4.1, and restrict the symplectomorphism Φ 1 of proposition 5.2 to the fiber W 0 .
5.2.
Non-triviality of the vanishing spheres. The proof of theorem 1.6 works looking for a contradiction. Theorem 1.4 implies that all the vanishing spheres are either homologically trivial or homologically non-trivial. Let us suppose that they are homologically trivial. Let φ k : M − N k → CP 1 be the Lefschetz pencil obtained from theorem 1.2 for k large. We blow-up the manifold M along N k to obtain a fibrationφ k :M k → CP 1 . If all the vanishing spheres are homologically trivial then
where F k is the generic fiber ofφ k . In particular
In the blow upM k , the exceptional divisorÑ k is a fibration over N k by CP 1 . Therefore the Euler characteristic is χ(Ñ k ) = 2χ(N k ). On the other hand, if D k denotes a small neighborhood of N k , the long exact sequence of homology of the pair implies that
and
where
n . This provides the desired contradiction.
Topology of the space of ε-transverse sections
Let M ⊂ CP N be an algebraic projective variety of the projective space. This is a Kähler manifold with Kähler form induced by the Fubini-Study symplectic form of CP N . As we recalled in Section 3, denoting by L → M the associated hyperplane line bundle, the hyperplanes of CP N which intersect M transversally correspond to (holomorphic) sections of L transverse to zero (up to a non-zero constant). Therefore the projectivization of the space of sections of the hyperplane bundle transverse to zero is the complementary of the dual variety M * ⊂ (CP N ) * . To study the fundamental group of (CP N ) * − M * , think as follows. All transverse sections s are determined, up to multiplication by a non-zero scalar, by their zero set W = Z(s). Moreover, any two transverse sections have (differentiably) isotopic zero sets, since there is a family of hyperplane sections of M
which is topologically locally trivial. Parallel transport in this family defines a geometric monodromy representation
that associates to every loop in (CP N ) * − M * , i.e., to every S 1 -family of transverse sections of L, an isotopy class of diffeomorphisms of the zero set W .
It is known that A generalized Dehn twist is a symplectomorphic representative of a non-trivial element of the mapping class group of a symplectic manifold M . First we define this transformation in C n . We identify T * S n−1 = {ξ + iη ∈ C n : |ξ| 2 = 1, ξ, η = 0}.
We define the symplectomorphism ψ : T * S n−1 → T * S n−1 by the formula ψ(ξ 0 , η 0 ) = (ξ 1 , η 1 ), where |η 0 | = |η 1 | and
Notice that ψ is the antipodal map in {(ξ, 0)} = S n−1 . Also, for η 0 big the map is close to the identity. Now, given a symplectic manifold M of dimension 2(n − 1) and a Lagrangian sphere S ⊂ M , we use the Lagrangian neighborhood theorem to identify a neighborhood of S with a neighborhood of the sphere S n−1 in C n . Recalling that ψ gets close to the identity away from the zero section, we can extend ψ to M as the identity.
The following result may be found in [18] Lemma 18.4, and [15] Ex. 6.20.
Lemma 6.2. Consider the singular fibration
The regular fibers are symplectic manifolds and this allows to define a symplectic connection by selecting the symplectic orthogonal to the fiber at each point. The fiber
can be identified with the subset T * S n−1 through the map
Then the monodromy associated to the loop {z ∈ C : |z| = 1} is given by the symplectomorphism defined in (1) . In the mapping class group, µ(e) is the composition (in some order) of the elements defined by each γ i . It is possible to produce a perturbation of γ i in a small neighborhood of p i in such a way that the image ofê is contained (in such small neighbourhood) in a complex line T ⊂ (CP N ) * transverse to the dual variety. Such T defines a Lefschetz pencil M → T ∼ = CP 1 . Then the monodromy given by γ i is a generalized Dehn twist because the family of sections over T ∩ B ε (p i ) is a small circle around a critical point in the Lefschetz pencil and so, by lemma 6.2, it is a generalized Dehn twist.
The extension of the theorem to the symplectic case needs to be rewritten. Let M be a symplectic manifold of integer class and let L → M be the associated line bundle. For a compatible almost complex structure J, ε > 0, and k large enough, define
with the natural
Note first that the isotopy result of [3] shows that for k large enough, the zero sets of the sections
An analogous result to theorem 6.1 in the symplectic case is Proof. First we need to introduce some definitions. Abusing notation we will denote by L the pull-back of the bundle L to the manifold M × S 1 . There we can define C 3 -bounds of a sequence of sections of L ⊗k → M × S 1 just by defining that the restriction to each fiber of π : M × S 1 → S 1 satisfy these bounds. In the same way the section s : M × S 1 → L ⊗k is ε-transverse to zero if the restriction to the fiber π −1 (z) is ε-transverse for any z ∈ S 1 .
We fix, once for all, as a base point, a section s 1 k ∈ M * ε,k,J , that exists by [8] for some small ε. We lift this section to a section in M × S 1 that we still denote by s 1 k . Take an element A ∈ π 1 (M * ε,k,J ). Fix a representative α :
It is clear that s 2 k has C 3 -bounds 1 and it is ε-transverse to zero. Now we apply the S 1 -parametric version of propositions 2.5 and 2.6 to perturb s 1 k ⊕ s 2 k into σ 1 k ⊕ σ 2 k , a new section that defines a S 1 -family of Lefschetz pencils. Moreover, we can choose the C 1 -distance between the new and the old sections to be smaller than ε/2. So the zero sets of the S 1 -families of sections σ 1 k and σ 2 k are homotopic to s 1 k and s 2 k . Now we want to compute the monodromy associated to the zero set of σ 2 k , which is the same as the one of s 2 k . For this we assume an extra transversality hypothesis for the map σ 1 k ⊕ σ 2 k . For each fiber M × {z} we know that the images of the critical points of the associated Lefschetz pencil are a finite number of disjoint points. For the whole family we obtain that the critical values define a finite set of closed curves γ in CP 1 . It is possible to assume without loss of generality that these curves are smooth except for possible normal crossings. This can be easily assured by a C 3 -small perturbation in σ 1 k ⊕ σ 2 k that keeps the rest of properties. We do not give the details but for a very similar result the reader can consult [9] , where after Lemma 10 it is explained how a perturbation of the sections allows to suppose that the images of the critical points are disjoint.
So we construct a path l in CP 1 joining 0 with ∞ transverse to the set of curves γ. Let us suppose for a moment that l does not intersect γ. This would imply that the circle of submanifolds generated by σ 1 k and the one generated by σ 2 k are isotopic, with isotopy given by l. So the monodromy of σ 2 k is the one of σ 1 k , which is trivial. Therefore the intersections of γ and l measure the changes in the monodromy of the circle.
So suppose that l : [0, 1] → CP 1 , l(0) = 0 and l(1) = ∞. Let us assume that l intersects γ at values 0 < t 1 < · · · < t l < 1. Choose a very small δ > 0. Choose a circle β : [0, 2π] → CP 1 of radius δ around the critical value l(t j ). Recall that l(t j ) is the image of a critical point (m j , z j ) ∈ M × S 1 . We define a loop of submanifolds
In other words Z k,t j is a small loop around the critical point l(t j ) of the fibers of the Lefschetz pencil labeled as z j in the family σ 2 k /σ 1 k . In the mapping class group we have that
so that the monodromy associated to σ 2 k is the composition of the monodromies associated to Z k,t j . Recalling that, as in the algebraic case, µ(Z k,t j ) is a generalized Dehn twist by lemma 6.2, we conclude the proof. Now we aim to understand better the fundamental group of the spaces M * ε,k,J . It is reasonable to expect that it is finitely generated as in the algebraic case. We will study a suitable modified version of it. Let Γ s (L ⊗k ) denote the subspace of sections of L ⊗k whose zero locus is a symplectic submanifold of M , and let PΓ s (L ⊗k ) be its projectivization. Therefore the space M * ε,k,J is an open subset of the space Γ s (L ⊗k ). We denote by ρ ε,k,J : M * ε,k,J → PΓ s (L ⊗k ) the natural map and set
Note that the geometric monodromy map in Theorem 6.4 factors through (ρ ε,k,J ) * , so it defines a map π ε,k,J → Map(W k ). A natural way of attacking the study of the topology of M * ε,k,J is by means of a Lefschetz hyperplane theorem that allows a finite dimensional reduction. The idea is to restrict ourselves to a linear subspace of finite dimension. More specifically, choose sufficiently generic sections s 0 k , . . . , s N k in M * ε,k,J and let V k,N be their linear span. Then one may ask whether there is an isomorphism π j (V k,N ∩ M * ε,k,J ) ∼ = π j (M * ε,k,J ) for j below the middle dimension (see [12] for the finite dimensional case). In the case of the fundamental group we consider a symplectic Lefschetz pencil φ k = s 2 k /s 1 k , which defines a natural map:
1 are the images of the critical points.
. Thus the image of the geometric monodromy map µ of theorem 6.4 is generated by some Dehn twists of a single pencil.
Proof. Fix a base point s k ∈ M * ε,k,J . Given a loop s k,t in M * ε,k,J we have to show that it is homotopic to a loop in a ε ′ -transverse pencil, for some ε ′ > 0. It is not important what concrete pencil is chosen because in [9] it is shown that all the ε ′ -transverse pencils are isotopic for k large (the upper bounds in the sequences of pencils are fixed throughout).
Take the family s 1 k,t ⊕ s 2 k,t where s 2 k,t = s k,t and s 1 k,t = s k . We apply proposition 2.5 to get a new sequence σ 1 k,t ⊕ σ 2 k,t , t ∈ S 1 . The following two conditions can be satisfied in this process:
• In the process of proposition 2.5 it is necessary to perturb only s 2 k,t . This is because the condition (ii) is already satisfied by s 1 k,t , the condition (iv) is obtained in [9] only perturbing s 2 k,t and the proof of the condition (iii) can be changed using the alternative proof written in [3] that does not need to perturb s 1 k,t .
• The perturbation in s 2 k,t can be very small so that the sequence of sections σ 2 k,t is isotopic to the previous one. Let φ k,t be the ε ′ -transverse pencil associated to σ 1 k,t ⊕ σ 2 k,t . We construct a path γ 0 joining 0 and ∞ in the CP 1 associated to φ k,0 and avoiding the images of the critical points. Now we homotop γ 0 through a family of paths γ t in the CP 1 associated to φ k,t with a deformation through paths fixing 0 and ∞ and avoiding the images of the critical points.
Then the loop s k,t = s 1 k,t is homotopic to γ 0 * σ 2 k,t * γ
through a homotopy of loops given by γ 0 * {σ 2 k,t } t=s t=0 * γ −1 s * {s k,t } t=1 t=s . Since σ 2 k,t is homotopically trivial, s k,t is homotopic to the loop γ 0 * γ −1 1 in the Lefschetz pencil φ k,0 . This homotopy has been constructed in Γ s (L ⊗k ).
The next natural step is to prove that π ε,k,J is independent of J and of ε for k large enough. The authors have not been able to prove this, but only to solve this question for the first homology group version of it. These are defined as
Corollary 6.6. For ε > 0 small and k large enough, we have H ε,k,J = Z/mZ for some
Proof. By theorem 6.5 the image of H 1 (M * ε,k,J ) is generated by some compositions of monodromies around critical points of a single Donaldson's Lefschetz pencil. But the proof of proposition 4.1 shows that all the loops around different critical points are freely homotopic. Therefore this abelian group is cyclic.
Let N be the number of critical points. Therefore the order of H ε,k,J is at most N . If it were H ε,k,J = 0 then the monodromy µ would be trivial but this has been shown not to be the case.
The following result shows the independence of H ε,k,J of ε for k large enough.
Corollary 6.7. Let ε > 0 be small enough. Then there exists k ε ∈ Z + depending only on ε, J and on the geometry of the manifold such that
1 be a sequence of Donaldson's ε-transverse pencils. Let p 1 , . . . , p l be the images of the critical points. Fix a loop around p i . Let us prove that we can isotope the pencil such that loop around p i of radius δ is formed by δ-transverse sections, with δ > 0 independent of k and k large enough.
We write the pencil in the form φ k = s 2 k /s 1 k . Without loss of generality, we may suppose that the critical point q ∈ M − N satisfies that φ k (q) = 1 ∈ C. For a small loop around 1, the loop of sections that we obtain is ε-transverse to zero in B g k (q, cε) for some small c > 0. We shall deform the pencil with a perturbation of norm at most O(ε), so that the deformed pencilφ k is ε/2-transverse, isotopic to φ k , δ-transverse to 1 in M − B g k (q, cε), for some δ > 0, and q is the only critical point ofφ k inφ (1, δ) ). This is achieved by perturbing the section
The perturbation argument of [8] can be carried out with the following difference: if x ∈ B g k (q, k 1/6 ) we perturb by adding a section of the form ws ref x , w ∈ C. This does not affect the fact that q is a critical point of the Lefschetz pencil. If x ∈ B g k (q, k 1/6 ) − B g k (q, cε) we consider the Darboux charts provided by lemma 2.3, which contains q. Let Q(z) be a degree two complex polynomial satisfying that Q(q) = 0, ∇Q(q) = 0 and Q(z) is bounded below and above by 1 and 2 in B g k (x, c ′′ ). Then we perturb by adding a section of the form w Q(z) s ref x , w ∈ C. This kind of perturbation keeps the condition that q is a critical point of the Lefschetz pencil and it is asymptotically holomorphic. Corollary 6.8. Given two compatible almost complex structures J 0 and J 1 , for every small ε > 0 there exists k ε depending on ε, J 0 and J 1 such that H ε,k,J 0 is isomorphic to H ε,k,J 1 .
Proof. This follows by corollary 6.7 and the isotopy of different Donaldson's Lefschetz pencils in [9] . Therefore corollaries 6.7 and 6.8 show that H ε,k,J does not depend on ε and J for any small ε and k large enough. So this defines a sequence of invariants of the symplectic structure. By corollary 6.6, H ε,k,J = Z/mZ, where m is a divisor of the number or critical values of a generic Donaldson Lefschetz pencil. It is likely that m coincides with the number of critical values, in which case it is a topological number and therefore not useful at all.
As in [5, 9] one must be careful with the meaning of symplectic invariant. The correct understanding is that for k large fixed there is a compact subset of almost complex structures and ε's for which the group is invariant. Also, when k goes to ∞ the set of valid almost complex structures covers all the possible ones and ε can be chosen in an interval [ε k , ε 0 ] where ε k goes to zero.
For proving the same stabilization result for π ε,k,J , one needs to join the loops around critical points with a base point (using a path) to get a based loop. The problem happens when, doing a perturbation to gain transversality along this path, other critical points may cross it, thus changing the homotopy class of the based loop in π 1 (PΓ s (L ⊗k )) to a conjugate element.
More in general, we can conjecture the topology of M * ε,k,J by means of a Lefschetz hyperplane theorem.
Conjecture 6.9. The group π l ((ρ ε,k,J ) * (M * ε,k,J )) is isomorphic to π l (CP j ∩ PΓ s (L ⊗k )) for l < j, where CP j is a j-dimensional "generic" family of Donaldson's ε-transverse sections. Moreover the first group is a subgroup of the second for l = j.
We have dealt with the case j = 1. The general case would require a deeper understanding of the symplectic linear systems of arbitrary dimension (and not only of dimension 1 where we are dealing with Lefschetz pencils).
It is convenient to relate our invariants with Auroux and Katzarkov ones [5] . In their case, they try to compute the fundamental group of the complementary of a curve in CP 2 , appearing as a branching locus of a map. The problem is that the isotopy class of the curve is not a symplectic invariant due to the existence of negative self-intersections that may be removed by an isotopy. Anyway, these intersections appear in a very particular situation and the way of dealing with their inference is to quotient the fundamental group by the subgroup that they generate (see [6] ).
The problem of negative self-intersections is substituted in our picture by the existence of a kernel in the map (ρ ε,k,J ) * and the lack of understanding of the topology of the set Γ s (L ⊗k ). These two phenomena are ultimately due to the non-canonicity of the space M * ε,k,J (its fundamental group may depend of ε) and more importantly to a lack of understanding of the symplectic isotopy problem. We mean by symplectic isotopy problem, the issue of understanding how many isotopy classes of symplectic surfaces we can find in a homology class of a symplectic manifold. To solve our problem we would need a stronger version like In low degrees this space has been proved to be connected for CP 2 [19] . In other 4-manifolds the conjecture has been solved in the negative, although not for the homology classes stated here (see for instance [10, 20] ). All the given counter-examples have nonpositive self-intersection.
The relationship between our groups π ε,k,J and the classical monodromy invariants remains to be understood.
